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Abstract: As a continuation of our previous work, where a Maxwell–Boltzmann distribution was
found to model a collective’s reaction times, in this work we will carry out a percentile study of the χ
distribution for some freedom ranging from k = 2 to k = 10. The most commonly used percentiles in
the biomedical and behavioral sciences have been included in the analysis. We seek to provide a
look-up table with percentile ratios, taken symmetrically about the median, such that this distribution
can be identified in practice in an easy way. We have proven that these ratios do not depend upon the
variance chosen for the k generating Gaussians. In general, the χ probability density, generalized
to take any value of the variance, represents an ideal gas in a k-dimensional space. We also derive
an approximate expression for the median of the generalized χ distribution. In the second part of
the results, we will focus on the practical case of k = 3, which represents the ideal gas in physics,
and models quite well the reaction times of a human collective. Accurately, we will perform a more
detailed scrutiny of the percentiles for the reaction time distribution of a sample of 50 school-aged
children (7200 reaction times).
Keywords: χ distribution; ideal gas model; Maxwell–Boltzmann distribution; response times
1. Introduction
The χ distribution is a well-known probability density function (PDF) for its use in applied
statistics [1], and for its appearance in several contexts, such as the Rayleigh distribution (k = 2) and
the Maxwell–Boltzmann (MB) distribution in the ideal gas model [2]. This PDF is also interesting
because it is built from Gaussian-distributed random variables combined through a Euclidean distance
operation. This fact makes the χ distribution easily applicable to model the velocity distribution of a
multidimensional ideal gas.
In a recent work [3], we discovered the MB distribution (k = 3) when studying the reaction times
of a collective of 168 children. A correspondence between a system of brains and a system of identical,
independent particles forming the ideal gas was evidenced.
We are particularly interested in applications to biomedical and collective behavior contexts.
In this respect, and in line with our previous works [3,4], we will carry out here a percentile study of
the χ distribution. Taking as our reference the most commonly used percentiles, we will report on the
percentile ratios, such that the χ PDF can be easily identifiable when exploring data samples.
Mathematics 2020, 8, 514; doi:10.3390/math8040514 www.mdpi.com/journal/mathematics
Mathematics 2020, 8, 514 2 of 7
This work also includes an MB distribution representation of the reaction times of a collective of 50
school-aged children. The participants were asked to respond to visual stimuli within a few hundred
milliseconds. We have proven in our previous work [3] that the collective behavior of individuals at
short times is ruled by an MB distribution which depends on a single parameter B, namely, a measure
of the dispersion of the distribution.
The outline of this work is as follows. In Section 2, the methodology for the percentile study
and the analysis of the experimental response time data of 50 school-aged children is explained.
Subsequently, in Section 3, the main results are discussed in two subsections: consequences for the
percentile study of the χ distribution (PDF and CDF), and the case of k = 3, as applied to describe
collective reaction times. Finally, in Section 4, some conclusions are drawn.
2. Methodology
2.1. Percentile Analysis of the χ Distribution (from k = 2 to k = 10)
The χ probability density distribution can be written as,


















where k is the number of the degrees of freedom of the distribution, and its variance is related to the
parameter B. The corresponding cumulative distribution function (CDF) is expressed as




























is the gamma function. The χ
distribution as written in Equation (1) describes a multidimensional ideal gas of particles.
Based on the CDF, the following percentiles combinations were determined: 1 (p1-p50-p99),
2 (p3-p50-p97), 3 (p5-p50-p95), 4 (p10-p50-p90), 5 (p20-p50-p80), 6 (p25-p50-p75), and 7 (p30-p50-p70).
The preceding number is just a label to identify each combination. The three numbers between brackets
are the positions of the symmetric percentiles about the median (p 50). For each value of the degree of





where x1 and x2 are the positions of symmetric percentiles on the left and right ends of a given percentile
combination, and xmedian, the position of the median (e.g., for (p1-p50-p99): x1 = p1, x2 = p99 and
xmedian = p50). It is important to remark that we have numerically proven that the ratio r is independent
of the value of the parameter B in Equation (1), which is easy to demonstrate analytically:
Let xp(B) be the point where the CDF takes the value of the percentile p for a given value of the
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denotes the inverse function, and
therefore xp (B) depends on the parameter B only through the factor
√
B. Then we can establish
that: xp (B) =
√
B · xp (B = 1). From the last relation, it is straightforward to demonstrate that r is
independent of the parameter B as the factor
√
B is common to x2(B), xmedian(B), and x1(B).
2.2. Response Time Experiments. A case for k = 3
In the second part of this work we will focus on a percentile study of the MB distribution (k = 3),
which is in line with our previous works on reaction times to visual stimuli [3,4]. In addition to
the aforementioned percentile combinations (labeled as 1 to 7 in Section 2.1), the following ones
covering a broader area under the curve will be determined: 8 (p0.5-p50-p99.5), 9 (p0.7-p50-p99.3),
10 (p2-p50-p98), 11 (p7-p50-p93), 12 (p15-p50-p85), and 13 (p40-p50-p60).
As a case study, we will analyze the response times of a sample of 50 school-aged children between
8 and 10 years of age from Valencia, Spain. The details of the computer-based experiments and for the
design of the visual stimuli can be found in our previous work [4], also the methodology for the data
processing. However, we will recall in what follows a few expressions with relevance for this work.
From the first three moments (mean: Mi, standard deviation: Si and skewness: λi) of the reaction

























where M, S and λ are the mean values of the moments over the sample of children. Then, the Euclidean
norm of the vector,
→
v i, is calculated as∣∣∣∣→v i∣∣∣∣ = √(v(1)i )2 + (v(2)i )2 + (v(3)i )2 (8)
Each participant can now be represented by a single scalar,
∣∣∣∣→v i∣∣∣∣, which has been evidenced to
be distributed following an MB distribution [4]. The following expression will be used to fit the
experimental data,
Q





where the parameter B is the only free parameter.
3. Results and Discussions
3.1. Multidimensional, Anisotropic Ideal Gas (χ of k Degrees of Freedom)
The PDF curves of the χ distribution for values from k = 2 to k = 10 are depicted in Figure 1a and
the CDF in Figure 1b for B = 0.5. As the values of k increase, the maxima are shifted to the right, and
the curves become more symmetric. Similarly, the differences among contiguous curves decrease as
the values of k increase. The maximum value of skewness is given for k = 2 (Rayleigh distribution).
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distribution for k = 2 to k = 10. In both panels the value of B is 0.5 (see Equations (1) and (2)). 
In Table 1, the ratios r for different combinations of percentiles Equation (3) are shown. The 
percentiles were taken symmetrically about the median. The biggest differences across the χ 
distributions for different k are observed for the ratios involving the smallest values of 𝑥  and the 
largest values of 𝑥  (see Figure 2), thus allowing us to better discriminate among the different curves. 
Figure 1. Probability (panel a) and cumulative (panel b) density functions of the χ distribution for k = 2
to k = 10. In both panels the value of B is 0.5 (see Equations (1) and (2)).
In Table 1, the ratios r for different combinations of percentiles Equation (3) are shown.
The percentiles were take symmet ically abou the median. The bigge t differenc s across the
χ distributions for different k are observed for the ratios involving the smallest values of x1 and the
largest values of x2 (see Figure 2), thus allowing us to better discriminate among the different curves.Mathematics 2019, 7, x FOR PEER REVIEW 5 of 7 
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algorithm of Levenberg–Marquardt [5,6]. The fitted value of B is 0.123 ± 0.010 with a coefficient of 
determination of 𝑅 = 0.90. A total of 7200 reactions were involved in building the graph in Figure 
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Figure 2. Percentile ratio, r, vers s the percentile combination number. The legend for the
combination number is: 1 (p1-p50-p99), 2 (p3-p50-p97), 3 (p5-p50-p95), 4 (p10-p50-p90), 5(p20-p50-p80),
6 (p25-p50-p75), and 7 (p30-p50-p70).
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Table 1. Ratios (r) for different combinations of percentile. As demonstrated above, these ratios are
independent of the values of B chosen in Equations (1) and (2).
Combinations k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
1 (p1-p50-p99) 1.7935 1.5259 1.4075 1.3404 1.2966 1.2655 1.2421 1.2237 1.2088
2 (p3-p50-p97) 1.5805 1.3930 1.3090 1.2607 1.2287 1.2058 1.1884 1.1747 1.1635
3 (p5-p50-p95) 1.4821 1.3305 1.2619 1.2220 1.1955 1.1764 1.1618 1.1502 1.1408
4 (p10-p50-p90) 1.3483 1.2435 1.1951 1.1666 1.1474 1.1335 1.1228 1.1143 1.1073
5 (p20-p50-p80) 1.2108 1.1506 1.1221 1.1051 1.0935 1.0850 1.0784 1.0731 1.0688
6 (p25-p50-p75) 1.1643 1.1183 1.0963 1.0831 1.0740 1.0673 1.0622 1.0580 1.0547
7 (p30-p50-p70) 1.1248 1.0904 1.0738 1.0638 1.0570 1.0519 1.0480 1.0448 1.0422
One interesting finding is that the percentile ratios are independent of the parameter B, which
has been also proven analytically in Section 2.1. On the other hand, using that xmedian (B) =√
B · xmedian (B = 1), the well-known approximate value of the median of a χ distribution of k degrees
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3.2. Reaction Times and Ideal Gas. Appearance of the Golden Ratio
Figure 3 shows the probability distribution function of the
∣∣∣∣→v i∣∣∣∣ as defined in Equation (8).
The experimental data are fitted to the MB function in Equation (9) by using the nonlinear fitting
algorithm of Levenberg–Marquardt [5,6]. The fitted value of B is 0.123 ± 0.010 with a coefficient of
determination of R2 = 0.90. A total of 7200 reactions were involved in building the graph in Figure 3.
Using the cumulative distribution for k = 3 Equation (2), the percentile ratio r was determined
for each of the following combinations of percentiles (beyond those presented in Table 1): r = 1.6098,
8 (p0.5-p50-p99.5), r = 1.5690, 9 (p0.7-p50-p99.3), r = 1.4421, 10 (p2-p50-p98), r = 1.3305, 11 (p7-p50-p93),
r = 1.1902, 12 (p15-p50-p85), and r = 1.0424, 13 (p40-p50-p60).
When we look at the combination labelled as 8 (p0.5-p50-p99.5), we can see that a ratio very close
to the Golden Ratio is obtained. In Table 2 we present the values of x1 (where CDF(x1) = 0.005) and





Table 2. Values of x1, x2, xmedian, the ratio r, and the relative error with respect to Φ (k = 3).
k x1 CDF(x1) x2 CDF(x2) xmedian r Φ Relative Error
3 0.26789 0.005 3.5831 0.995 1.5382 1.6098 1.6180 0.5%
If we impose x1 = 0 and r = Φ, that is, x2 = xmedian(1 + Φ) = 4.027, a value of CDF(x2) = 0.999 is
obtained. Therefore, the total probability is recovered within a precision of 0.001. From Equation (10),
if we consider a χ distribution of k degrees of freedom and a parameter B, the previous expression








(1 + Φ). Specifically, for the data summarized
in Figure 3, that is, 7200 reaction times (50 participants times 144 reaction times each) and parameter
B = 0.123 ± 0.010, a value of x2 = 1.4169 was found.
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Figure 3. MB-like distribution (χ for k = 3 and B = 0.123) obtained from response time data with
coefficient of det rmination of R2 = 0.90. The position of the median is indicated by a blue vertical line
and the label “p50”. A total of 7200 reaction times were used. The appearance of the Golden Ratio can
be observed.
4. Conclusions
A percentile study of the χ distribution for values of the degree of freedom between k = 2 and
k = 10 has been carried out. The ratios between combinations of percentiles, taken symmetrically
about the median, have been reported. The independence of ratios with respect to the parameter B
(proportional to the variance) has been shown both numerically and analytically. A general expression
of the median as a function of the free parameter B and the degree of freedom (k) has also been reported
for the χ distribution. Results show that those percentile combinations comprising bigger areas can be
more reliable to identify this distribution (for different k values), as the most significant differences
among the ratios are given. The combination of percentiles: p0.5-p50-p99.5 in the case of the MB
distribution yielded a ratio, r, close to the Golden Ratio Φ, within a 0.5% of relative error. When the
ratio r is taken equal to the Golden Ratio, a value of the cumulative density function of 0.999 is reached,
that is, it approaches 1 with a precision of 0.001. This is a curious practical observation for the χ
distribution of k = 3 degrees of freedom.
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